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Definition 1  A Dirichlet character modulo 𝑛 is a character of (ℤ/𝑛ℤ)×. In 

other words a multiplicative homomorphism

𝜒 : (ℤ/𝑛ℤ)× → 𝑆1

We call 𝑛 the modulus of 𝜒

Example.  Let 𝑖 be the usual complex number. Define (ℤ/5ℤ)× → 𝑆1 by 𝜒(1) =
1, 𝜒(2) = 𝑖, 𝜒(3) = −𝑖, 𝜒(4) = −1

Definition 2  The conductor 𝑓𝜒 is the minimal modulus for a Dirichlet 

character, i.e, 𝜒 is not induced by any Dirichlet character of modulus smaller 

than 𝑓𝜒. A Dirichlet character with modulus 𝑓𝜒 is called primitive.

Now given a fixed positive integer 𝑛, the Dirichlet characters having conductors 

dividing 𝑛 form a finite group. If we let 𝜁𝑛 be a primitive n-th root of unity, we 

can identify 𝐺 = Gal(ℚ(𝜁𝑛)/ℚ) with (ℤ/𝑛ℤ)×. So a Dirichlet character can be 

thought as a character on 𝐺.

Definition 3  Let 𝜒 be a character of 𝐺. The fixed field 𝐾 associated to 𝜒 is 

the fixed field of the kernel of 𝜒

Example. 

Let 𝜒 : 𝐺 = Gal(ℚ(𝜁8)/ℚ) → 𝑆1 by 𝜒(𝜎1) = 1, 𝜒(𝜎3) = −1, 𝜒(𝜎5) =
1, 𝜒(𝜎7) = −1, where 𝜎𝑗 : 𝜁12 → 𝜁𝑗12. Then ker 𝜒 = {𝜎1, 𝜎5}.

It’s elementary to see that the fixed field is ℚ(𝑖).

Instead if we set 𝜒(𝜎7) = 1 then the fixed field is real since 𝜎7 is complex 

conjugation.
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From this we can see that the fixed field is ℚ(
√
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